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CN . Abstract 

p i' . We study the following boundary value problem 

< 

i -div{a{\Vu\)Vu) = f{x,u), mQ., 
d , y u - 0, on dD., 

with nonhomogeneous principal part. By assuming the nonlinearity f{x, t) being 
subcritical growth, some abstract results of problem (P) are obtained: (1) Regularity; 

> ' 

■ (2) Orlicz-Sobolev versus Holder local minimizer; (3) Strong comparison principle. 

Applying these abstract results and critical point theory, we prove the existence of 
•/^ \ multiple solutions of problem (P) in an Orlicz-Sobolev space. 
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1 Introduction 

In this paper, the following boundary value problem is discussed 

{ -div(fl(|VM|)VM) = f{x, u), in 

I M = 0, on a£2, 

where Q e i?^ ia a bounded domain with smooth boundary dO. , a{t)t 6 C{R) and f{x, t) e 
C(Q X R). Especially, when a{t) = problem (P) is the well known p-Laplacian 
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equation. There are a large number of papers on the existence of solutions for /)-Laplacian 
equation. Readers can be refered to ([3, 7, 12, 13, 14, 21, 22, 27]) and the references 
therein for some results. Problem (P) is studied in an Orlicz-Sobolev space. The study 
of problem (P) in the Orlicz-Sobolev spaces has been received considerable attention 
in recent years. We refer to the overview papers [11, 16, 17, 19] for the advances and 
references of this area. 

Problem (P) possesses more complicated nonlinearities, for example, it is inhomoge- 
neous, so in the discussions, some special techniques will be needed. The inhomogeneous 
nonlinearities have important physical background, e.g., 

(1) nonlinear elasticity: P{t) = (1 + t^Y -l,y>\, 

(2) plasticity: Pit) = ^'"(logCl + t)f, a>l,/3> 0, 

(3) generalized Newtonian fluids: P(t) = ^^-''(sinh"' sfds, < a < l,/3 > 0. 

This paper is organized as follows: in Section 2, we present some necessary prelimi- 
nary knowledge. 

In Section 3, a regularity results of problem (P) is proved, that is, any weak solution of 
problem (P) in Orlicz-Sobolev space belongs to C^'"(Q.). Applying the regularity results 
we extend Brezis and Nirenberg's results ([9]) to problem (P). In [9], Brezis and Nirenberg 
have proved a famous theorem which asserts that the local minimizers in the space C' are 
also local minimizers in the space for certain variational functionals. This theorem has 
been extended to the p-Laplacian case (see [7, 22]). In this section, we assert that local 
minimizers in the space are also local minimizers in the Orlicz-Sobolev space for the 
functional with respect to problem (P). 

In Section 4, we give a general principle of sub-supersolution method for problem 
(P) based on the regularity results and the comparison principle, which is similar to the 
p-laplacian case. However, it is usually very difficult to find a subsolution uq and a super- 
solution v'' of problem (P) with uq < v°. The main difficulty is that problem (P) possesses 
more complicated nonlinearities than the p-Laplacian. So some techniques used in the 
j!?-laplacian case cannot be carried out for problem (P). We give a lemma involving the 
L'^-estimation of the solution of problem (P) with / = M (a positive constant), which is 
useful to find a supersolution of problem. In the end of this section, we give an application 
of our abstract theorems to the eigenvalue problems with respect to problem (P). 

In Section 5, we give several applications of our abstract theorems to problem (P). 
Problem (P) is considered on a bounded domain, where the nonlinearity f(x, t) is super- 
linear but dose not satisfy the usual Ambrosetti-Rabinowitz condition near infinity, or its 
dual version near zero. Nontrivial solutions are obtained by computing the critical groups 
and the sub-supersolution method. 
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2 Preliminaries 



The function a is such that p : R ^ R defined by 

(aim, t^O, 
P(t) = \ ^ ^ (2.1) 

[0, t = 0, 

is an increasing homeomorphism from R onto itself and f(x, t) e C(Q xR,R). 

Obviously, problem (P) allows a nonhomogeneous function p in the differential op- 
erator defining problem (P). To deal with this situation we introduce an Orlicz- Sobolev 
space setting for problem (P) as follows. 

Let ^ ^ 

P(t):= f p{s)ds, P{t):= \ p-\s)ds, t £ R, (2.2) 
Jo Jo 

then P and P are complementary N-functions( see [1, 33]), which define the Orlicz spaces 
:= L^(Q) and := L^(Q), respectively. 

Throughout this paper, we assume the following conditions on P: 
(po)'- a{t) e C^(0, +oo), a{t) > and a{t) is a monotonic function for t > 0, 
(Pi): 1 < p := mf < p := sup < +oo , 

(pi)' < fl := mt < a := sup < +oo . 

'>o pit) J Pit) 

Under the conditions ipo) and ipi), the Orlicz space coincides with the set (equivalence 
classes) of measurable functions m : Q — > such that 



Pi\u\)dx < +CX3. (2.3) 
The space L^(Q) is a Banach space endowed with the Luxemburg norm 



\u\p :=mf!^k>0,J /'(y)jjc<l|. 



We shall denote by W^'^'iQ.) the corresponding Orlicz-Sobolev space with the norm 

ll"llw"''(n) := Mp + 

And denote by Wo'^(Q) the closure of C~ in W^-'^iQ). 

Let us now introduce the Orlicz-Sobolev conjugate of P, which is given by 

-^dr (2.4) 

T " 

(see [1, 33]), where we suppose that 
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lim — < aiid f — i^dr = +00. (2.5) 

In the case P{t) = ^, (2.5) holds if and only if N > p. 
We will make the following assumptions on f(x, t) : 

(/*): There exists an odd increasing homeomorphism h from R to R, and nonnegative 
constants ai,a2 such that 



and 



where 



\fix, 01 <ai+ a2h(\t\), 'it £R,^x€ Q. 



lim =0, \/k> 0, 



H(t) := I /z(5)J5. (2.6) 





Let 



Jo 



t 

1 



H(t) := h~\s)ds. (2.7) 



So we obtain complementary A''-functions which define corresponding Orlicz spaces 
andL". 
Set 

As in [11], by L'Hopital's rule we have = 

Similar to condition (/>), we also assume the following condition on H: 

{hy. \ < n := mt < h := sup < +00 . 

^>o m) J Hit) 

Moreover, we assume that and satisfy the following condition: 

p^<h-<h^< p;. (2.9) 
In this paper, the following equivalent norm on W^'^iQ.) will be used in below: 

IImII :=inf|/t>0: J p(^)jx<l|. 

The reader is referred to [1, 33] for more details on Orlicz-Sobolev spaces theory. In the 
proofs of our results we shall use the following results. 

Lemma 2.1 ([1]). Under the condition (p), the spaces L^(f2), W^'^(Q.) and W^'^(Q.) are 
separable and reflexive Banach spaces. 
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Lemma 2.2 ([1]). Under the condition (ft), the imbedding 
is compact. 

Lemma 2.3. Under the conditions (po),(Pi) and (p2), we easily have 

(1) IfO<t< 1, then P{\)tP" < P{t) < P{\)tP\ 

(2) Ift > 1, then P(l)tP' < P{t) < P{l)tP\ 
Lemma 2.4 ([16]). Let piu) = P(u)dx, we have 

(1) If\u\p < 1, then \u\p < p{u) < \u\^p , 

(2) If\u\p > 1, then \u\p < piu) < \u\^p , 

(3) IfO<t< I, then tP" P(u) < P{tu) < tPP(u), 

(4) Ift > 1, then tPP{u) < P{tu) < tP" P{u). 
Lemma 2.5 ([16]). Letp(u) = J^P(u)dx, we have 
(1) If\u\p < 1, then \u\"p'^''''^'^ <piu) < \ufp'^"'~^\ 



(2) If\u\p > I, then \u\'p'^'''~^^ <p{u) < \ut 



(3) IfO<t< \, then tP' I^p'-^^P{u) < P{tu) < tP" I^p"-^^P{u), 

(4) Ift > 1, then tP" I^p"-^^P{u) < P{tu) < tP''^P'-^^P{u). 
Lemma 2.6. The condition (p2) implies that 

~ . ■ r ta(t) ^ ta(t) 

a - 1 = inr < a - 1 = sup < +oo. 

/>o a(t) r>Q a{t) 

Hence, similar to LemmalA, we easily have 

(1) IfQ <t <l, then t"*'^a{u) < a{tu) < f'''^a{u), 

(2) Ift > I, then f~^a{u) < a{tu) < f^~^aiu). 

Lemma 2.7 ([1]). Assume that A{t) and A{t) are complementary N-functions. We have 

(1) Young inequalities: uv < A{u) + A{v), 

(2) Holder inequalities: | u(x)v(x)dx\ < 2\u\a\v\x, 

(3) A(^)<Aiu), 

(4) Ati^) < AM- 



Remark2.1: Since problem (P) possesses inhomogeneous nonlinearities, Lemma2.3-2.7 
are used to overcome the nonhomogeneous difficulty. 

Definition 2.1. u e Wq^(Q) is called a weak solution of problem (P) if 

f ai\Vu\)VuV(pdx = f fix,u)(pdx, e W^'^iQ.). (2.10) 



Set 



p{u)= [ Pi\Vu\)dx, \/ueWl'''{a), (2.11) 

F(x,t)= f f(x,s)ds, 'i{x,t)enxR, (2.12) 
Jo 

I(u)= f P{\Vu\)dx- f F{x,u)dx, \/u e W^'''(Q). (2.13) 

We know that the critical points of / are just the weak solutions of problem (P)(see [11]). 
Write 



r(u)= f F{x,u)dx, (2.14) 
Jn 



then I{u) = Piu) - T{u). 



Lemma 2.8. (1) ([17, 19]) The functional r e C\Wl'^{a\R) is convex and sequentially 
weakly lower semi-continuous and 

'P\u)(p= \ p{Vu)V^dx, Vm,0 e Wo'^(Q). 
Jq. 

Moreover, the mapping P' : W^'^(f2) — > VV^'^(Q)* is bounded homeomorphism, and 
is of type (5^), namely, 

Un ^ u and lim sup!P (Un)(Un — u) <0 imply that Un ^ u in W^'^{VL). (2.15) 



(2) ([11]) The functional T^iu) is sequentially weakly continuous, T^iu) e C^(Wq^ 
iQ.),R), and for all m, e VKq-^(Q), 



'\u)(p= \ fix,u 
Jn. 



T{u)(p= f{x,u)(t)dx. (2.16) 



The mapping T : H^q'^(Q) —> VKq'^(Q)* is weakly-strongly continuous, namely, 

Un u implies that T (u,,) T (u), (2.17) 
where ^and -^denote the weak and strong convergence in W^'^iQ.), respectively. 
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3 Regularity and ^versus local minimizers 

In this section, we will firstly consider the regularity of weak solutions related to the 
following problem (3.1). 

div(A(x, Vm)) = B{x, w), in H, (3.1) 

where Q. is an open bounded subset of R^(N > 2), A : Qx ^ , B : Q.X R ^ R. We 
assume that problem(3.1) satisfies the following growth conditions: 

A(x,r])r]>aoP(\r]\)-c, (3.2) 
Aix,7]) <aip{\r]\) + c, (3.3) 
B(x,u)<bh{\r]\) + c, (3.4) 

where ao, ai, c are positive constant. 

Definition 3.1. u e W^'^(Q) is said to be a weak solution of problem(3 .1) if 

I A(x,Du)D^dx- I B(x,u)(f)dx = 0, (3.5) 
Jn Jn. 

/orV0e<^(Q). 

Theorem 3.1. Under the growth conditions (3.2-3.4), ifue W^'^(Q) is a weak solution 
ofproblem3.1, then u e LJ^^(Q). If in addition u\an is bounded, then u s U°{Q.). 

Before the proof of the Theorems. 1, we give a lemma which play an important role in 
the proof of TheoremB . 1 . 

Lemma 3.1 (Lemma2.4, [18]). Let u e W^'P{Q.){p > 1). If for any Bpixo) cc Q with 
p < Ro and any cr e (0, 1) and any k > ko > 



I \Du\''dx < c 



[/ 


u — k 




crp 



p 



dx + iV + 1)|A 



(3.6) 



where Ak,p = {x £ Bp{xo) : u(x) > k), < r < p*, p* is the Sobolev embedding exponent 
of p, c is a positive constant, then u is locally bounded above on Q. 

Proof of Theorems. 1. Let m be a weak solution of problem (3.1). Let xq e Q. We will 
prove that u is locally bounded at xq. Take a ball Bii(xo) c Q. 

For arbitrary balls Bt(x') c Bs{x') c BRg(xo), let ^ be a function such that 

< ^ < 1, supp^ c 5,, ^ = 1 on B„ m < 2/(s - t). (3.7) 

For ;t > 1 , set ?7 = ^p' max{M - k, 0}. Then 77 e Wl'^{Q). By (3.1) we get 

j A(x,Du)Duf"dx-\- p^ I A(x,Du)D^^P"~\u - k)dx 
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Bix, u)^P (u - k)dx = 0, 



where A^^^ = {x e : u{x) > k}. 
For simplicity, we now write 



/ 

Ja, 



P{\Du\)e dx, Q 

^k,s ^k,s 



/ 



u-k 



s - 1 



p. 



dx. 



From (3.2)-(3.4) and (3.8), we have 



(3.8) 



(3.9) 



aoJ<aip^ f pi\Du\)\^\P"-^\D^\iu-k)dx 
+ b f h(\u\)\^f\{u-k)dx 

-'Air.,, 



+ cp 



JAt,s 



\\D^\iu - k)dx 



+ c 



r \^f{u-k)dx+c r 

JAkj Jau^s 



dx. 



(3.10) 



Next let us estimate the terms of the right-hand side of (3 . 1 6). As < - ? < 1 , we easily 
have 



r e^dx < \Aa, 

I (m - k)dx < I \u- k\dx < Q + \AkJ, 

J At , JAi , 



U-k 



s - 1 



dx<2Q + 2|A 



r f'-^\D^\{u-k)dx<2 f 

JAk,s JAi 

By < s - t < I, p^ < < p^ and Young inequalities , we have 

f hi\u\)\^fiu - k)dx 
Jau 

< h(\u\)(u - k)dx 

r h{\u\)\u\ ^ 

= ( — — — {u - k)dx 

< n I — — — {u - k)dx 

</j+ r ^(^MW+ f H{\u-k\)dx 
Jau ^ l"l ^ Jau 

<h^ \ H{\u\)dx+ \ Hi\u-k\)dx 

<h^ f H{\u - k\ + \k\)dx + f H{\u-k\)dx 

'JAkj JAk, 



k,s\- 



(3.11) 
(3.12) 
(3.13) 



< c,Q + C2ik'' + m,j. 

Similarly, using Young inequalities and taking ei e (0, 1) such that, 



we get 



axp^ r pi\Du\)\^'f'-'\D^\{u-k)dx 



Jai 



p(\Du\)\DumP'-' 



\Du\ 



\D^\(,u - k)dx 



< ai(p 



< aiip^y 



< aiip^f 



< aiip^y 



J A, 



P{\Du\m 



~/_ P{\D u\)\^f-' 
\Du\ 
P{\Du\) 



\D^\{u - k)dx 
dx + 



r p{-m{u 



J At,, 

ef~' r \^fP{\Du\)dx + {e,r'r' f 

JAk,s JAu 



k) \dx 



l^^l ^dx + {e,)-P' P\m{u-k)\dx 



u — k 



s - 1 



dx 



< —J + C^Q + CA\Ak,s 



From (3.11)-(3.16), we obtain 



J < C5(e + + max 



(3.14) 



(3.15) 



(3.16) 



(3.17) 



and therefore 



'JAk,, 



[/ 


u - k 


L 'JAkj 


s - 1 



p. 



dx + {r + i)|A^,, 



(3.18) 



By Lemma3.1, (3.18) implies that u is bounded above on Br^{xq) and hence u is locally 
bounded above on Q. 

Similarly we can prove that -u is also locally bounded above on So w 6 L|^^(Q). If 
in addition max^n \u{x)\ = M < +oo, then for every xq g dO., by the similar argument as 
above we can prove that (3.18) holds ioxk > M and therefore u e L°°(Q). Theorem3.1 is 
proved. □ 

In [29, 30], Lieberman has considered the regularity of weak solutions to the following 
boundary value problems 



-di\{A{x, u, Vw)) + B{x, u, Vm) = 0, in Q, 
u = (p, on dO.. 



(3.19) 



9 



Applying his results and Theorems. 1 to problem (P), we have the following corollary. 

Corollary 3.1. Let f(x, t) satisfy the condition (/J and u be a weak solution in H^q'^(Q) 
of problem (P). Then u 6 C''"(?I). 

Remark3.1: CoroUaryS.l improves a recent result of Fukagai and Narukawa [17, Lemma4.1], 
where the conclusion of coroUaryB.l was obtained under the following assumptions: 

(i) f{x, 0) = 0, f{x, t) >0 for jc e Q, ? > 0, and there exists an open set Q.q c Q. such that 

fix, > for X G Qo, t > 0. 

(ii) fix, t)t < cPit) for X &Q.,t >Q with some constant c > 0. 

In CoroUaryS.l, we only assume that fix, t) satisfies the condition (/*), so Corollary 3.1 is 
natural extension of p-Laplacian case. 

Lemma 3.2. There exist constants di, d2, depending on a~, a'^, such that 



\ai\j]\)r]-aim\<d,\r]-mr]\ + m 



(3.20) 



If ait) is decreasing for t > 0, we get 



\ai\7]\)r]-aim\<d2Pi\n-^\), 



(3.21) 



for all T],^eR^. 

Proof. Since (3.20) is symmetric in rj,^, we can assume that |^| > \ri\. We have 



\aiH)l^-aim\ = 



r' d 

J -{ai\^ + tirj-m(^ + tiri-mdt 

I a 

Jo 

Jo 



i\^+ti7]-m 



i^ + tin-0)-in-0 



\^ + tir^-^)\ 



i^ + ti-q-mt 



+ ai\^ + ti-n-mn-Odt 



'I 



<c|77-^| ai\^ + tiii-0\)dt. 



(3.22) 



Since |^ + tirj - ^)| = |(1 - t)^ + tri\ < \ri\ + \^\, e (0, 1) , if ait) is increasing, we obtain 



\aiH)r]-ai\m<d,\n-mri + ^\)- 



(3.23) 



To get the (3.20) for ait) being decreasing, we have to prove that 







i\^ + tir^-mdt<cai\ri\ + \^\). 



Note that if I77 - f | < f , then 



(3.24) 



1^ + tiri - ^)| > 1^1 - 1^ - 77I > y > , 



(3.25) 
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so that (3.24) hold with c = [\)" \ 



If |77 - ^1 > |1 > ,we set ?o = ^ g (0, 2), then 



\^ + t(r]-0\>m-t\n-a = \t-to\\r]-^\ 



(3.26) 



For any e (0, 1), we have 



ai^-^^{\r]\ + mdt<ca(\n\ + m 



(3.27) 



So that (3.27) holds with c = (|)" ' + ^^^j. 
Finally, |?7 - ^| < |?7l + |^| implies (3.21). 



Theorem 3.2. Assume that f(x,t) satisfies the condition (/J. If u e Cl^{0) is a local 
minimizer of I in the topology, then uq is a local minimizer of I in the W^^ifl) topology. 

Proof. Let uq g C'(Q) is a local minimizer of / in the C' topology. Define 



G{u) = \ P{\Vu - VmoDJjc, Vm g Wl'''{Q.). 



(3.28) 



For s G (0, 1), set Df. = [u £ W^'^iQ.) : G{u) < e}. Then Df. is bounded, closed and 
convex subset of Wq'^(Q) and is a neighborhood of Uq in Wq^'^(Q). Since f{x, t) satisfies 
the subcritical growth condition, the functional / : W^'^iQ.) R is weakly lower semi- 
continuous and consequently inf^^ / is achieved at some Ue e D^. So there is pe < such 
that /' = PeG'{Ue), that is 

- div|a(|VM^|)VM^| + ;i^div|a(|VMe - VmoI)(Vm^ - Vmq)} = f{x, u^). (3.29) 

Arguing by contradiction, assume that uq is not a local minimizer of I in the W^/iO) 
topology, then for each s e (0, l),Us + wo and /(Wg) < /(mq)- Note that uq in V7q'^(Q) 
as e ^ 0. Below we shall prove that — > Wo in C^{££) as e — > 0, which contradicts with 
that Mo is a local minimizer of / in the topology. 

Dividing both sides of (3.29) by 1 - Pe, yields 



div 



1 



1 -p^ 



adVM^DVMe) - pEa{\Vue - VmoI)(Vm£ - Vmo) 



1 



-/(X, Ue). 



1 - Pe 

Define : Q x i?^ ^ i?^ and 5^ : Q x i? ^ i? by 



(3.30) 



Ae{x, jf) 



1 



1 -l^e 



a{\ri\)ri) - pEaQr] - Vuo\)(a - Vmq) 
11 



Bsix, t) = 



1-A 



■f{x, t). 



(3.31) 



Then Ug is a solution of the following problem: 

{-div(Ae(x, Vw)) = 5e(x, u), in f2, 
M = 0, on dQ.. 

We can verify that and satisfy the following conditions: 

Ai.{x, j])7] > aoP(\7]\) - c, 
Agix,r]) < aip(\T]\) + c, 
Bg(x, u) < bh{\z\) + c, 



(3.32) 



(3.33) 
(3.34) 
(3.35) 



where ao,ai,b,c are positive constants independent of e e (0, 1). 

The verification of (3.34) and (3.35) are simple, here we only give the proof of (3.33). 
By definition of Ae(x, t]) 



Ag{x, T])7] 



1 



> 



1 -^J^s 
1 



1 



where 



By lemma3.2, we get 



(a(|?7l)?7 - - /J^siaQj] - VmoI)(?7 - Vmq) - a{\r]\)r]) rj 

(l-//,)P(|77l)-//./J, (3.36) 

J = [ai\r] - Vuodir] - Vuq) - aQM?]. (3.37) 



|7| = \a(\r] - Vuo\)(7] - Vmq) - a(|77l)77||?7l 

< c\Vuo\a(\r] - VmqI + IrilM 

< cp{\T]\) + c < ^P(,\ti\) + c, (3.38) 



and when a(t) is decreasing, 



|7| = \ai\r] - VuoDin - Vmo) - ai\r]\)r]\ 
< ca(|VMol)|VMoll?7l < ^P(.\n\) + c. 



(3.39) 



where c is a generic positive constant independent of s. 
Thus we have 



Ae(x, 77)77 > 



1 



> 



1 



1 -f^s 



{\-Ms)P(.\r]\)-MsJ 



(I - fi,)P(\u\) - M^P(\r]\) + c) 



12 



> 



1 



1 +l^s 

> \p(\r]\)-c. 



(1 + -H,)P(\tj\) - c/u,) 



(3.40) 



and (3.33) is proved. It follows from Theorem3.1 that Ue e L°° and \Ue\l"= is bounded 
uniformly for s e (0, 1), where c is a positive constant independent of s. 

Below we shall prove that — for some or G (0, 1) by using the results in 

[29, 30] in the following two cases, respectively. 

Case(i)://, 6[-l,0]. 

Note that Uq satisfies the equation 



- div(a(|VMol)VMo) = f(x, uq). 



Then is a solution of the following problem: 



-div(A£(;c, Vm)) = B^ix, u), in Q, 
u = 0, on dO.. 



(3.41) 



The formula (3.29) is equivalent to the following: 

- divjadVMeDVwe) - fiEaQVus - Vmo|)(Vm£ - Vmq) - jUea(|Vi<o|)VMo)| 

= fix, Ue) - Ms fix, "o) • (3 .42) 



Define Ae : QxR^ ^ and Be : QxR ^ Rhy 

Ae(x, t]) = a(\r]\)ri - Mea(\n - VmoI)(?7 - Vmq) - ;Uea(|VMo|)VMo), 

Be(x, t) = fix, t) - He fix, Uq). 



(3.43) 



(3.44) 



We need to show that, for x,y e D.,r] e R^\{0}, ^ e R'^, t e R, the following estimations 
hold: 



A,(x,0) = 

N 



— ix, 7])^i^j > —- 

drii It/I 



diAE)j 



diji 



ix, T]) 



\r]\ < c(l + pi\T]\)), 



i,j=i 

N 

E 

\AEix, Tj) - AEiy, 77)1 < c(l + pimUx - yf), for some 6 e (0, 1), 
\BEix,t)\<c + chi\t\). 



(3.45) 
(3.46) 

(3.47) 

(3.48) 
(3.49) 
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Inequalities (3.46) and (3.47) follow from Lemma3.2 and the following derivative 



D,{a{\ri\)ri) = a'{\ri\)1^ + a{\ri\)id 



= a{\r]\)\id + 



a'{\i^\)\r]\ri®ri 



(3.50) 



Inequality (3.48) follows from lemma3.2 and the fact that Vuq{x) is Holder continuous. 

By the regularity results in [29, 30], under the conditions (3.45)-(3.49), s €^'"{0) 
and ||Mellci."(n) ^ where the positive constant c is independent of /ig s [-1,0]. From this 
and Mg Mo in VKq'^(Q) it follows that uq in C\Q.) as e — > 0. 

Case(ii): //g < -1. 

Set Vs = Us - Uq. Then from (3.29) we know that satisfies the equation 



- div 



a(|Vv,|)Vv,) + ^(a(|Vv, + VmoI)(Vv, + Vmq) - ^a(|VMol)VMo 

f(x, Ve + Uq) - f(x, Uq) 



(3.51) 



Define 



Ae(x, T]) = a{\7]\)Tj) + -^Xa{\T] + Vuo\)(t] + Vuq) - ;i-a(|VMo|)VMo, 



fix, t + Uo)- fix, Mo) 



(3.52) 



Analogously to the case (i), we can prove that and satisfy the corresponding condi- 
tions (3.45)-(3.49). So by regularity results in [29, 30], e C^-^iQ) and \\Us\\cta^Cl) < c, 
furthermore Ve — > in C'(Q), that is ^ vo in C'(Q) as £ — > 0. The proof of Theorem3.2 
is complete. □ 



4 Sub-supersolution method and multiplicity results 

In this section, firstly, A general principle of sub-supersolution for problem (P) is given 
based on the regularity results and the comparison principle. Secondly, in order to utilize 
the results of Section 1-3, an abstract result which provides a method to find a positive 
minimizer of functional / in the -topology is proved. At last, by several assumptions 
on fix, t), we give an application of the principle of sub-supersolution and the abstract 
result. 

Definition 4.1. Letu,v e W^'''iQ.). We say that -Apu < -Apv if for all (p £ WQ^'iO.) with 
0>O, 

I ai\Vu\)VuV(pdx < I ai\Vv\)VvV(f)dx, (4.1) 
Jn Jn 

where -Apu = -div(a(|VM|)VM). 
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Lemma 4.1 (Comparison principle). (1) Let u,v e W ' (Q). If-Apu < -Apv and u < v 
on dQ(i.e., (u - v)+ e ^^'^(Q)), then u<vin Q. 

(2) Under the conditions of (1) above, let in addition u,v e C{Cl) and denote S = [x e 
Q : u{x) = v{x)}. IfS is a compact subset ofQ, then S = 0. 

Proof. (1) Taking (p = (u - v)^ as a test function in (4.1), we can obtain V(m - v)^ = 0, 
this implies {u - v)^ = and so m < v in Q. 

(2) Assume that 5 is a compact subset of Q. and S Q. Then there is an open subset 
Qi of Q such that S c Q.i G Qi c Q.. Thus w < v on dQ.i and consequently there is an 
e > such that u < v - s on dfli. Noting that V(v - e) = Vv and applying the conclusion 
(1) to and V - £ on Qi we obtain m < v - e in Qi, which contradicts with a = v on 5 . □ 

It is well known that, when p 2, the strong comparison principles for the p- 
Laplacian equations are very complicated (see [12, 13, 32]). Here we give a strong com- 
parison principle for problem (P), which is suitable to find a positive C' local minimizer 
of the energy functional / in the topology. The proof is similar to the p-Laplacian case 
(see [20]). 

Lemma 4.2. Let hi,h2& L'^(Q.), < hi{x) < h2{x) and u,v £ Wq'''(Q.). If 

- Apu = hi< -Apv = /Z2, (4.2) 

and the set 

C = {;c e Q : /zi(x) = /?2(x)} (4.3) 

has an empty interior, then 



< M < V, in D., 



(4.4) 



and there exists a positive constant s such that 

d(v - u) 



> e, (4.5) 



dn 

where n denotes the inward unit normal on dQ. 

Similar to j!7-laplacian case, for given h e L^{Q.), the following problem: 

I -div(a(|VM|)VM) = h(x), in Q, 
\ u = 0, on dQ, 



(4.6) 



has a unique solution u e W^'^(Q.). We denote by K(h) := u the unique solution. K 
is called the solution operator for (4.6). We have the following basic principle of sub- 
supersolution method for problem (P). 
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Lemma 4.3. Assume that f(x, t) satisfies (/«) and f{x, t) is nondecreasing in t e R. If 
there exist a subsolution uq s VK''^(Q) and a supersolution v° € W^''^(f2) of problem (P) 
such that Uq < v°, then problem (P) has a minimal solution u^ and a maximal solution v* 
in the order interval [uo, v% i.e., uq < u^ < v* < v° and ifu is any solution of problem (P) 
such that Uq < u < v", then < < v*. 

Proof. Define T(u) = K(f(x, u)). Under the assumptions of Lemma4.3, since the imbed- 
ding W^^'^(Q) L^{Q.) is compact,we have T : L^{Q.) — > L^(Q) is completely contin- 
uous and increasing, uq < v°, uq, v° e L^(0.), uq < T(uq), v° > r(v°), and consequently 
T : [uq,v^] [mo, v°]. It is clear that the cone of all nonnegative functions in L^(Q) is 
normal. So our Theorem4. 1 now follows by applying the well-known fixed point theorem 
for the increasing operator on the order interval (see [4]). □ 

In the practical problems it is often known that the subsolution uq and the superso- 
lution v° are of class L°°(Q.), so the restriction on the growth condition of / is needless, 
hence the following lemma is more suitable. 

Lemma 4.4. Assume that uq, v° e W^ ^'iQ) n L°°(Q) , uq, v° e W^ ^'iQ) are a subsolution 
and a supersolution of problem (P) respectively , and uq < v°. If f{x,t) £ C{Cl x R,R) 
satisfies the condition: 

f{x, t) is nondecreasing in t e [inf uq{x), sup v^{x)], (4.7) 

then the concusion oflemma4.3 is valid. 

The proof Lemma4.4 is similar to the proof of lemma4.3 and is omitted here. Re- 
mark4.1: In Lemma4.4, as was done in the p-laplacian case (see,[4, 9, 15, 20]), the 
condition (4.7) can be replaced by some weaker conditions, for example, by the following 
condition: 

there exists a positive constant c such that 

f{x, t) + ct is nondecreasing in t e [inf uq{x), sup v°(jc)]. (4.8) 

The following theorem provides a method to find a positive C' local minimizer of the 
integral functional / in the topology. 

Theorem 4.1. Assume that uq, v° g Wq'^(Q) are a subsolution and a supersolution of 
problem (P) respectively, -ApUq = hi{x), -Apv" = h2{x), huhj e L°°(Q), Q < hi < hi, 
hi(x) ^ hiix) and < uq <v^ inQ. Assume that f(x, t) 6 C{Q.xR) satisfies the condition 
(4.7) or (4.8). If neither Uq nor v^ is a solution of problem (P), or neither Uq nor v° is a 
minimizer of I on [uq,v^] Pi W^'^'iQ.) in the case of being a solution of problem (P), then 
there exists 6 [wo, v°] n C^'"(Q.) such that I (u*) = inf{/(M) : u 6 [wo, v°] Pi WQ^'iO.)} , m* 
is a solution of problem (P) and IS CI local minimizer of I in the topology. 
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Proof. Under the assumptions of theorem, by CoroUaryS.l, uq, v° e C^'"{^1). 
Define/: Ilxi? Rhy 



f(x, uo(x)), if t < uo(x), 

fix, s), if uoix) < t < v%x), (4.9) 

fixyix)), ift>v%x). 



Set F(x, t) = f(x, s)ds and 

/(m)= r P{\Vu\)dx- \ F(x,u)dx, VueWl'^'iQ). (4.10) 
Jn Jn 

It is easy to see that the minimum of / on V7q'^(Q) is achieved at some e Wq'^(Q). Then 
M* satisfies the equation 

- div(a(|VMH.|)VMO = f(x,u^), (4.11) 

and consequently m* e C^'"(Q). 
Since 

- div(a(|VMo|)VMo) < fix,uo) = fix,uo) < f{x,Ut) = -div(a(|VM*|)VM*), (4.12) 

using Lemma4.1(l), mq ^ Repeating the same reasoning, we can obtain < v°. Note 
that for all u e [mo> v°] n W^'^(ri), /(x, w) = f{x, u), F{x, u) - F(x, u) is a function of x, 
and /(x, w) - I{x, u) is a constant. Hence m* is a solution of problem (P) and is a minimizer 
of / on M 6 [wo, v"] n lyQ'^(Q). It follows from Lemma4.2 that 

I < Mo < < vo, in Q, 

1 0<^<f.<f:^, on 5a ^ ^ 

V on on on ^ ' 

and there exists a positive constant e such that 

d{u* - Mo) d{v^ - M,) 



(?n ' dn 

Thus there exists 5 > such that 



>s. {AAA) 



Wl'^iQ.) n Bci{u,,6) := {m e W^^^'ia) n C^^^) : I|m - u,\y^^^ < S} c [mo,v°]. (4.15) 

Noting that I(u) = I(u) + c for m g V7q'^(Q) Pi 5^1 (m*, 6), we see that m* is a local minimizer 
of / in the topology. The proof is complete. □ 

As an application of the above abstract theorems, let us consider the following eigen- 
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value problem: 



(Pa) 



-div(a(|VM|)VM) = Af(x, u) + ^u, in Q, 

M>0, inQ, (4.16) 

M = 0, on dO., 



where is a bounded smooth domain in , q > p^, f e C{Q. x R,R), f{x, t) > and 
t > 0, fix, t) is nondecreasing in ? > 0, // > is fixed. The energy functional associated 
with problem {P^) is 

h= \ P{\Vu\)dx-A \ F{x,u)dx-- \ Wdx, \lu &Wl'^{Q.\ (4.17) 
Jn Jn Q Jo. 

where F(x, t) = f(x, s)ds. The corresponding problems in p-laplacian case have been 
by many authors (see[3, 6, 9, 22, 26]) 

Theorem 4.2. Assume that f satisfies the condition either 

(i) fix, 0) ^ in a, or 

(ii) f(x, 0) = and there are an open set U c Q, a closed ball B(xq, s) c U, the positive 

constant ro > 1 and c, such that f{x, t) > ct^^^'^ for x £ B{xo, s) and t € [0, 1], and 
ro < p~ for X e dU. 

Then we have the following assertions: 

(1) For sufficiently small A> Q, Problem {Pf) has a solution u,i which is a local minimizer 

ofl^ in the topology. Moreover, WujiWf^^^^ as A ^ 0. 

(2) Define Aq = {A > : (P^) has a solution u^ which is a local minimizer of in the 

topology} and A = {/I > : (Pf) has a solution u,i }. Then Aq and A are both 
intervals, inf Aq = inf A = and intA c Aq. 

(3) In addition, assume that p > 0, q < p^ and 

\f{x, t)\ < c(l + r(\t\)) for e xeQ. and t e R, 
where r^ < p^ and r^ < q^ . Then for each A e intA, {P,i) has at least two solutions 

1 P 

ua and va such that ua < va and ua is a local minimizer of I a in the W^' topology. 

Before the proof Theorem4.2, we give a lemma which is useful to find a supersolution 
of problem (Pa). 

Lemma 4.5. Let M > and u is the unique solution of problem 

-div(a(|VM|)VM) = M, in Q 

(4.18) 

u = 0, on do.. 

18 



Set m = 2\n\UNCo - Then, when M > m, \u\oo < C*Mi' and when M < m, \u\co < C^Mp*-^ , 
where C* and C* are positive constants depending on p^,p', N, \Q\ and Cq. 

Proof. Let u be the solution of (4.18), then m > 0. For k > 0, set A;, = {x e Q. : u(x) > k}. 
Taking (u - ky as a test function of (4.18), using Young inequalities, we have 

I P{\Vu\)dx = M I {u-k)dx 

< M\Ai,\^\(u - A:)^|i,A'/(~-i)(f2) < MIAjtl^Co | s\Vu\s~^dx 

< M\Ak\^Co J (^P(£\Vu\) + P{s-^)yx 

<M\A,,\^CosP' f Pi\Vu\)dx + M\Ak\^Co f Pi£~^)dx, (4.19) 

JAt Jai^ 

11 ^ 

where the first inequality is due to the continuous embedding c L~{Q.) and Co is 
the best constant of the embedding. 
When M > m, taking 



1 \p- (m\p 



2M|Q|i/^Co/ \Ml 



(4.20) 



then £ < 1 and 



MIAil^Qe''" f PQVuDdx < ^ f P(.\Vu\)dx. (4.21) 

JAk 2 J A 



'Ak ^ -J At 

Consequently, from this and (4.19), we get 



r P{\Vu\)dx<lM\Ak\^Co \ P{s-^)dx<lM\Ak\^-'^CoP{s-^). (4.22) 

JAi JAk 



lAk JAk 

So we have 



r (u-k)dx=— [ P{\Vu\)dx<y\Ak\^^\ (4.23) 

JAk ^ JAk 

where 

y = 2CoP(£-'y (4.24) 
Using LemmaS.l in[25. Chapter 2], (4.23) implies that 

\u\o.<y(N +\)\Q\K (4.25) 

From (4.20), (4.24) and (4.25) we obtain 

|mU < CM^, (4.26) 

where 

C* = P(l)(N + l)(2Co)^|l^|^^. (4.27) 
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1 1 



1 \ I tn\ i>+ 

^ = L..,^,w.^ =77 , (4.28) 



When M < m, taking 

.2M|Q|i/^Co/ \M) 
(noting that in this case e > 1) and using arguments similar to those above we can obtain 

ImIoo < C,M1^, (4.29) 

where 



C, = Pil)iN + l)(2Co)~|^^|^<^. (4.30) 

The proof is complete. □ 

Proof of Theorem4.2. (1) Take < M < m, where m is as in Lemma4.5, and let v = Vm 
be the unique positive solution of (4.18). Then by Lemma4.5, |v|oo < C*M^^^'^^^^\ Since 
q > p^, we can choose M small enough such that //(C*M'^^^ ~^')^"' < y, which implies 
that fiv''^^ < y. Let A > Ohe sufficiently samll such that Af{x, v) < y. Then for such A, 

-div(a(|Vv|)Vv) = M> Af(x, v) + fiW^v, 

which shows that v is a supersolution of (P^) and is not a solution of (Pa)- By Lemma4.2, 
V > in Q and 1^ > on dQ. 

on 

In the case when / satisfies the condition (i), is a subsolution of (Pa) and does 
not satisfy the equation in (Pa)- Moreover, by Theorem4.1, (Pa) has a solution ua e 
[0, v] n C'(Q), which is a local minimizer of /,( in the topology. 

In the case when / satisfies the condition (ii), satisfies the equation in (Pa)- We 
claim that is not a minimizer of Ia on [0, v] n Wq'^(Q). To see this, noting 7^(0) = 0, 
it is sufficient to show that mf^^^,^^yyi.Pf^^^ Ia(u) < 0. For 6 > denote Ug = {x e U : 
dist(x, dU) < 6}- By the condition (ii), we can find sufficiently small positive constants 6 
such that B(xo, s) c U\ Us and < . Define a function w e Cq(U) such that < w < 1 
and w = I onU\Us- Then for sufficiently small ? > 0, we have that tw e [0, v] and 

lA(tw) = I P(\Vtw\)dx - A I F(x, tw)dx 
Jsi Jn 

< I P(\Vtw\)dx-A I F(x,tw)dx 

Jus Ju\Us 

<f \ P(\Vw\)dx - cAf° \ w''°dx<0, (4.31) 

Jus Ju\Us 

which shows that the claim is true. By Theorem4.1, therer exists ua 6 [0, v] n C^'"(Q) 
such that Ia(ua) = i^if [o v]nw''^(n) ^^i' "-^ ^ solution of (Pa) and a local minimizer of I a in 
the topology. 

When /I — > 0, we can take M ^ 0, consequently IvmIl^ch) — * and \ua\l'^{£i) — > 0, 
furthermore, 11^^11 ^ and \uA\ci(a) — > 0. Assertion (1) is proved. 

(2) Obviously Aq c A. By assertion (1), inf Aq = inf A = 0. Let Ay e A and A e (0, Ai) 
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be given arbitrarily. Let w,;, be a solution of (Pa,)- Then ua, is a supersolution of (Pa)- It 
follows from assertion (1) that there exists a sufficiently small A2 < A such that (PA2) has a 
solution and m^, < "/h ^- Obviously a subsolution of P,). By Theorem4.1, Pa 
has a solution ua which is a local minimizer of I a in the topology, which shows /I G Aq. 
Assertion (2) is proved. 

(3) Note that, under the additional assumptions, it is easy to verify that I a e C^(V7q'^(Q), R) 
and Ia satisfies the (PS) condition for all A(sec [11]). Now letA e intA c Aq be given ar- 
bitrarily. Take A\,A2 & Aq with A2 < A < Ai , and let w^, , and uaj be a solution of (Pa, ), 
(Pa) and (Pa,) respectively, Ua, < Ua < Ua, , and let Ua be a local minimizer of in the 
topology. Then by Theorem4.1, ua is also a local minimizer of in the W^-^ topology. 
Define 

7t .^ / if?>Wi(^), 

fA(x, t) = \ ^ ^ ^ (4.32) 

[ f(x, Ua(x)), if t < ua(x), 

g,i(x, = i ,,,,,, , , , (4.33) 

[ (M.i(x))'^-\ if t<UA(x), 

F(x,t)= f fA(x,s)ds, G(x,t)= f gA(x,s)ds. (4.34) 
Jo Jo 

Consider problem 

-div(a(|VM|)VM) = AfA(x, t) + iugA(x, t), in Q. 

u>0, in Q, (4.35) 

M = 0, on dQ., 

and denote the associated functional to (4.35) by Ia- It is easy to see that ua2 and Ua, are 
a subsolution and a supersolution of (4.35) , respectively. By Theorem4.1, there exists 
u*^ e \ua2,ua,] n C^(£i) such that is a solution of (4.35) and is a local minimizer of I a 
in the topology. By Lemma4.1, we can see that u\ > Ua and consequently u*^ is also 
a solution of (Pa)- If Ua then assertion (3) already holds, hence we can assume that 
M*j = Ua- Now ua is a local minimizer of I a in the topology, and so also in the W^'^ 
topology. We can assume that Ua is a strictly local minimizer of I a in the W^'^ topology, 
otherwise we have obtained assertion (3). It is easy to verify that, under the additional 
assumptions in statement I a e C^(Wq''(Q.),R) and I a satisfies the (PS) condition. From 
q > and /i > 0, it follows that inf{/^(M) : u e Wq'^(Q)} = -00. Using the mountain pass 
theorem(see [2]), we know that (4.35) has a solution va such that va 4^ Ua- Va as a solution 
of (4.35), must satisfy va > ua, and consequently, by Lemma4.2, va > ua- Noting that va 
is also a solution of (Pa)-, since va > ua, thus the proof of assertion (3) is complete. 

□ 
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5 Morse theory and multiplicity results 



In this section, we use the results of Section 1-4 and Morse theory to obtain existence 
of multiple solutions. Morse theory is a very useful tool in treating multiple solution 
problems in the study of nonlinear differential equations. The main concept in this theory 
is the critical group u) for a -functional I : X ^ R at an isolated critical point u, 
where X is a Banach space. Let I{u) be a C'-functional defined on a Banach space X, 
then the k-th critical group of / at an isolated critical point u with I{u) = c is defined by 

u) := //,(r n U, (r n U)\{u}), qeN = {0,1,2, ...}, 

where U is any neighborhood of u, //* is the singular relative homology with coefficients 
in an Abelian group G and F = /"'(-oo, c]. 

We say that / satisfies the (C) condition, if any sequence {u,,} c X such that {I{u„)} 
is bounded and (1 + ||m„||)||/'(m„)|| — > has a convergent subsequence; such a sequence 
is then called a (C) sequence. If / satisfies the (C) condition and the critical values of 
/ are bonded from below by some a > -oo , then the critical groups of at infinity were 
introduced by Bartsch and Li [8] as 

C,(I,oo):=H,(X,n. (5.1) 

Note that by the deformation lemma, the right-hand side of (5.1) does not depend on the 
choice of a. 

The reader is referred to [10, 31] for more details on Morse theory. In the proofs of 
our theorems we shall use the following results. 

Proposition 5.1 (Morse inequalities). LetX be a Banach space. I e C^{X,R) satisfies ( C) 
condition. Then 



^ M/' = Y^p.t" + (1 + 0(2(0, (5.2) 

q=Q q=0 

oo 

where Mq = YjI'{u)=o rankQ(/, u), fig = rankQ(/, oo) and Q(t) = ^ a,/^ with a^ 6 A^^. 

q=0 

Here (5.3) means 

M, - M,_i + • ■ • + (-l)^Mo > Ay -Pq-i + • • • + (-1)%, 
and if aq = for almost all q, then 

oo oo 

^(-l)'^M, = J](-l)%. (5.3) 



^=0 ^=0 



In applications, we use critical groups to distinguish critical points, and use Morse in- 
equalities to find unknown critical points. 
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Proposition 5.2 ([8]). Assume that I e C^(X,R) satisfies (C) condition and I has only 
finitely many critical points, then 

(1) If for some q e N we have Cq{I, oo) 0, then I has a critical point u with Cq{I, u) 4^ 0. 

(2) Let be an isolated critical point of I(u). If for some q e N we have Cq{1, 0) + 

Cq(I, oo), then I{u) has a nonzero critical point. 

Assume that f{x, t) = g{x, t) - k{x) and f(x, t), g{x, t) satisfy the following conditions: 
(/i): g{x, t) > 0, g{x, 0) = and k{x) e C(Q) is positive . 

ifi)' f(^, f)f > and f(x, t) is superlinear at infinity , that is, the following limit holds 
uniformly on jc G Q, 

fix,t) 
lim -— TT = 

{f^y. There exists 9>\ such that for any s e [0, 1] and p\,p2 s Vp' ,p^] there holds 

eTpXx, t) > Tp^ix, St), Vjc 6 a 6 R, 

where fpix, t) = f{x, t)t - pF{x, t). 

Theorem 5.1. Assume that the conditions f/J, f/J f/2j and (fi,) are satisfied. Then prob- 
lem (P) has at least two nontrivial solutions. 

Proof. Below we will take four steps to prove Theorems. 1. 
Stepl: The functional satisfies (C) condition. 

Let {un} be a (C) sequence of /. By Lemma2.8, we only need to show that {m„} is 
bounded. 

If {un} is unbounded, up to a subsequence we may assume that for some c e R, 

I(u„)^c, IM^oo, ||/'(m„)||||mJ| ^ 0. (5.4) 

So we have 

^'^ ^ ^ ^ r)\ = C, (5.5) 



lim r \-^f(x, Un)Un - Fix, M„) I < lim |/(m„) - ^(/'(mJ, m„; 

Jn \Pn I I Pn 



where pn 



/nP(|V»«l)|VH,,|rf-t 



^^P{\Vu„\)dx ■ 

Let w„ = Tp7, up to a subsequence we may assume that 

w„ ^ win Wq^(Q.), w„ — > w in L^(Q.), Wn ^ w a.e jc G Q. (5.6) 

If w = 0, similar to />-Laplacian case in [23, 35], we can choose a sequence {f„} c R such 
that 

I(t„u„) = max I(tUn). (5.7) 

;e[0,l] 
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1 — w 

For any in> let v„ = (2m)p-w„. Since v„ — > in L"{Q.) and 

Fix,t)<Cil+Hit)), (5.8) 

by the continuity of the operator F(x, •) (see[l 1]), we see that that F(-, v„) ^ in L^(D.). 
Thus 

lim f F(x,v„)Jjc = 0. (5.9) 
So for n large enough, e (0, 1), and we deduce 

litnUn) > I{Vn) = \ P{\^Vn\) - \ F(x,V„)dx 

Jo. Jn 
> [ pl(2m)r^^]- f F(x,v„)dx 

>2m- I F{x,Vn)dx (by Lemma2.4). (5.10) 
That is I{tnUn) —> oo. Now 7(0) = 0, /(m„) c, we see that r„ 6 (0, 1) and 

I pQVtnUnDltn'^Unldx - I f(x, tnUn)tnUndx = {I'{tnUn), tnUn) 

Jn Jn 

r 

I(tUn) = 0. (5.11) 



d_ 



Therefore, by the condition (/3), 



r i-^f(x, Un)Un - F(X, M„) | > ^ f \^f(x, t„Un)tnUn - F(x, t„U„ 

& J a \Ptn Jn 



p{\Vt„u,Mtn^u„\dx - Fix, t„u„) 

Jn. \ Ptn j£ 

= \l{tnUn) +00, (5.12) 

o 



where p,,, = j pm„u„\)dx ■ ^^^^ contradicts with (5.5). 
Ifwi^O, from the third limit in (5.4) we obtain 

0(1) = </'(m„),M„) = I p(\VUn\)\VUn\dx - I f(x,Un)Undx 

Jn Jn 

I PdViinl)- I f(x,Un)Undx 

Jn Jn 



< ^ 

^ /'^ll^nll^ - I f(x,u„)u„dx. (5.13) 
Jn 



Since f{x, u)u > 0, we deduce 

jc -o(l)> ^a: 

Jn 
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f(x, Un)Un „+ 

w„ ' ax 



. f{x,Un)u„ + ^c^A\ 

- — \ — i::^ — l^"! (5-14) 



\kJw=0 ^Jw 

I 

For X e Q := {x e Q. : w(x) 4^ 0}, we have |m„(jc)| ^ +oo. By the condition (/2) we have 

f{x, u„)u„ I ,„+ , , , 

; — \Wn\' ax ^ +CO. (5.15) 

\unr 

Note that the Lebesgue measure of is positive, using the Fatou Lemma we deduce 

f(x, U„)U„ I IP+ , , 1 £\ 

- — \WnV ax +00. (5.16) 



This contradicts with (5.14). 

Therefore, {m„} is a bounded sequence in VFq'^(Q). 
Step2: / is unbounded below. 

By the condition (/2), there exists C > such that 

F{x,t)>CtP\ (5.17) 

So there exists Ci > 0, such that 

I{tu) = I /'(IVrMDJx - I F{x, tu)dx 

<f" r P{\Vu\)dx-Cf" r Iwl^'^^jc + Ci. (5.18) 
Jo. Jn. 

For some constant C, it is easy to see that 

E := {u : P(\Vu\) < C f \ufdx}i^Q. (5.19) 
Jn 

We can choose e S, and let t — > +oo, we have 

7(^0) ^ -oo. (5.20) 

Step3: There exits a pair of strict sub-supersolutions for problem (P). 
Problem (P) has a strict supersolution v = 0, and a strict subsolution u: 



-div(a(|VM|)VM) = -kix), in Q 
u = 0, on dO.. 



(5.21) 



Step4: I has at least two nontrivial critical points. 

As in the process of the proof of Theorem4.1, then I has a minimizer uq in the W^' 
toplogy. Since / is unbounded below, there exists cp e V7q'^(Q) such that 7(0) < 
Using mountain pass theorem we know that / has another critical point ui. 
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The proof is complete. □ 

Before the statement of the Theorems. 2 and Theorems. 3, we mention the results about 
the eigenvalues of the operator -Ap(see [19]). In [19], M. Garcfa-Huidobro and his coau- 
thers have proved that the principal eigenvalue of the operator -Ap is positive. Simi- 
lar to p-laplacian case, one can obtain an unbounded sequence of minimax eigenvalues 
{^i+i]ieN of the operator -Ap by the Lusternik-Schnirlaman theory(see[[S]]) or Yang index 
theory(see[28]]). 

Theorem 5.2. Assume that the conditions (/J, (fi) , f/sj and 
(/4): f{x, 0) = and there exist tQ> Q and A £ (0, Ai) such that 

F{x, t) < AiP{t), for x&Q., \t\ < to, 

are satisfied. Then problem (P) has at least one nontrivial solution. 

Proof. In the proof of Theorems . 1 , we have proved the functional satisfies (PS) condition. 
So we can compute Q(/, oo). 

'0 



Let S = {u e W}.'^(Q) : ||m|| = 1}. By the condition (/2) it is easy to see that for any 



M e 5 , we have 



Choose 



I(tu) = I P(\Vtu\)dx - I F(x, tu)dx 

<tP" r P{\Vu\)dx-CtP" r \ufdx + Ci 
Jn Jn 

< tP^ - CtP' I \ufdx + Ci ^ -oo as ? ^ +00. (S.22) 
Jn 



a < min^ inf l{u),0\ . (5.23) 

ll"ll<i 



Then for any u e S , there exists to > \ such that I(tou) < a. By (/3), we have 

r,Ax,z)>0, for(x,z)&nxR. (S.24) 

Therefore, if 

I(tu)= I P(\Vtu\)dx- I F(x,tu)dx<a, (5.25) 
Jn Jn 

using (S.24) we get 



^I(tu) = f p{\Vtu\)\Vu\dx - f uf(x, tu)d. 
dt Jn Jn 

= y I J" pi\Vtu\)\Vtu\dx - J tufix, tu)dx 
< y J" P{\Vtu\)dx - J tufix, tu)dx 
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< - i^p^a + p^F(x, tu)dx - ^ tuf{x, tu)dx 



Tp+{x, tu)dx 

^\p^a< 0. (5.26) 

Therefore, by the Implicit Function Theorem, there exists a unique T e C(S,R) such that 
I{T{u)u) = a. 

Using the function T , we can follow the argument in [34] to construct a strong defor- 
mation retract from W^^ifl) to I", and deduce 

oo) = H^{Wlf{^l\ n = WlfiQ) \ {0}) = 0. 

By the the condition (f/0, the function is a local minimizer of /. Hence, mo) = 
SijfiZ. Then using Propositions. 2 problem (P) has at least one nontrivial solutions in 
W'/(Q). □ 

In Theorems. 1 andTheoremS.2, the conditions (/2) and (/3) mean that the nonlinearity 
is superlinear at infinity. It is natural to consider the dual case. In our last result we 
consider the case that the nonlinearity is sublinear at infinity and superlinear at zero. We 
assume the following conditions on f(x, t). 

{f[): f{x,Q) = Q. 

(It)' /('^' ^) superlinear at zero, that is, the following limit holds uniformly on x e Cl, 

lim ——TT- = +°°- 

\t\^0 \t\P -^t 

if;): p~F{x, t) - fix, t)t > 0, Vx e and r ^ 0. 
(/,'): lim < Ai unifomly mx eCl. 

Theorem 5.3. Assume that the conditions (fl), {f[) (fj) (f^) and (f^) are satisfied. Then 
problem (P) has at least three nontrivial solutions. 

Proof. Below we will take three steps to prove Theorems. 3. 
Stepl: The functional satisfies (PS) condition. 

By the condition (f^), we easily know that the functional / is coercive. Hence / satis- 
fies (PS) condition. 
Stepl: Q(/, 0) = 0. 



For u e Wo'-^(Q)\{0}, we have 



lim = -oo. (S.27) 
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In fact, for any {sn} c R with 5„ —> 0, let v„ = s„u. Then 



v„ ^ in W^'^^iQ), v„^0 a.e. x e Q. 
By the condition (f^) and Fatou Lemmawe have 

liminf f ^'"''^"^ uf dx > \ liminf ^' '^"\ u\^ dx 

Jq. |v„|^ Jq. n->oo \vJP 



(5.28) 



+ 00. 



(5.29) 



Thus 



k \P 



< 



< f P(\Vu\)dx- f ^^^^\ufdx^-oo, (5.30) 



and (5.29) follows. 



Using (5.29), we see that for any u 6 VKq'^(Q)\{0}, there exists sq e (0, 1) such that 



Assume that I(u) > 0, that is 



I{su) < 0, for s e (0, sq). 



I P(\Vu\)dx> I F(x,u)d} 
Jn Jn 



Then according (/'), for m e 7 ' [0, +oo)\{0} we obtain 



(5.31) 



(5.32) 



d_ 

ds 



d 

I{su) = — 

,=1 ds 



I I P(\Vsu\)dx - I F(x, su)dx 

= I j!?(|Vm|)|Vm|Jjc - I m/(jc, u)dx 
Jn Jn 

> I p'P(\Vu\)dx - I uf(x, u)dx 
Jn Jn 

> I (p'F{x, u) - uf{x, u))dx > 0. 
Jn 



(5.33) 



Now we adjust the argument in the proof of [21, Theorem 2.1] or [24, Proposition 2.1] 
slightly. From (5.31) and (5.33), we see that for any u e I~^[0, +oo)\{0}, there exists a 
unique T = T{u) > such that I{Tu) = 0. Moreover, since I(Tu) = 0, from (5.33) we 
deduce 

d 1 d 

I{sTu) > 0. (5.34) 



d_ 

dt 



1 d 

I{tu) = -— 
t=T I ds 



s=l 



Thus, by the Implicit Function Theorem we see that T is continuous on I [0, +oo)\{0}. If 



I(u) < 0, we set T(u) = 1. Then T : W^'^(Q) — > 7? is continuous 
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We now define r] : [0, 1] x W^/(Q.) W^/{Q.) by 

T](s, u) = {l- s)u + sT{u)u, {s, u) £ [0, 1] X W^'^iQ.). (5.35) 

It is easy to see that 77 is a continuous deformation from (Wq'^{Q), wI^'^(Q)\{0}) to (7°, /*'\{0}), 
hence 

Ct(1, 0) = /^{0}) = H,(W'/(n), W'/(n)\m = O, keN. (5.36) 

Step3: / has at least three nontrivial critical points. 

By the condition (f^), there exist constants c 6 (0, Ai) and d > such that 

fix, s) < caQs\)s + d unifomly in 6 Q and s > 0, (5.37) 

and 

f(x, s) > -ca(\s\)s - d unifomly in x e Q. and s <0. (5.38) 
We consider the following problem 



-div(a(|VM|)VM) = ca{\u\)u + d, in Q., 
M = 0, on dQ.. 



(5.39) 



Similar to p-laplacian case, by Riesz representation theorem, the above problem has pos- 
itive solution V. Lemma4.2 implies that v > on Q. and hence v is a supersolution of 
problem (P). Obviously the function is a subsolution of problem (P). As in the proof of 
Theorem4.1, then / has a local minimizer > in the V7q'^ toplogy and I(u*) < 0. 

Similarly, we can obtain another local minimizer u~ < in the W^^ toplogy and 
I(u~) < 0. 

Hence the critical groups of / at its local minimizer are 

C,(I,u^) = C,{I,u-) = 6,oZ, ^qeN. (5.40) 
Now if we choose a, b satisfying 

a < inf I(u) < min{/(M''), /(m~)} < max{/(M^), /(w")} < b. (5.41) 
Assume that / has only two critical points, that is, K'^ = {u^, m }. Then we have 

C,(I,oo) = H^(l\n^6,oZ®Z, \/qeN, (5.42) 

and 

H,{,l\n = H,^{l\%) = H,^{l''\ ^qeN. (5.43) 
On the other hand, since / is bounded below and satisfies the (PS) condition, we have 
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Cq{I, oo) = Hq{WQ^) = 6qoZ. Therefore it follows immediately from the Morse inequali- 
ties and (5.40) that there must be one more critical point u 0. 

The proof is completed. □ 
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